Domain wall junctions are studied in N = 2 supersymmetric U (N C ) gauge theory with N F (> N C ) flavors. We find that all three possibilities are realized for positive, negative and zero junction charges. The positive junction charge is found to be carried by a topological charge in the Hitchin system of an SU (2) gauge subgroup. We establish rules of the construction of the webs of walls. Webs can be understood qualitatively by grid diagram and quantitatively by associating moduli parameters to web configurations.
Introduction and Summary
The domain wall is one of the important solitons in many areas of physics, such as particle physics, cosmology and condensed matter physics. Recently, the 1/2 BPS domain walls in the N = 2 supersymmetric (SUSY) non-Abelian U(N C ) gauge theories were intensively studied and their moduli space was found to be the complex Grassmann manifold [1, 2] . When several nonparallel 1/2 BPS domain walls coexist, a 1/4 of SUSY is preserved by the configuration, which is called a 1/4 BPS state [3] . In the previous paper [4] we have found that multiple walls in the Abelian-Higgs system develop a web as a 1/4 BPS state similarly to (p, q)-string/5-brane webs in superstring theory. The junction charge, called the Y -charge, has been found to be always negative in the Abelian gauge theory [4, 5] as well as in generalized Wess-Zumino models [6] , which can be understood as binding energy of the constituent domain walls. We also have found that the total moduli space of the webs, defined by all topological sectors patched together, to be the complex Grassmann manifold for the U(N C ) gauge theory.
The purpose of this paper is to study 1/4 BPS webs of walls in the non-Abelian gauge theories by extending the previous analysis [4] to the N = 2 SUSY U(N C ) gauge theories coupled with N F (> N C ) Higgs fields (hypermultiplets) in the fundamental representation. There exist two kinds of nontrivial domain wall junctions. One is the Abelian junction characterized by a negative Y -charge. The other is the non-Abelian junction with a positive Y -charge. We find that opposite sign of the Y -charge can be attributed to quite a different internal structures of the Abelian and non-Abelian junctions. The non-Abelian Y -charge can be identified with the charge of the Hitchin system [7] which is positive. Besides these two kinds of junctions, there exist trivial intersections of penetrable walls [1] with vanishing Y -charge. Generally, walls in the non-Abelian gauge theories constitute very rich variety of webs of the Abelian and non-Abelian junctions and the intersections of penetrable walls. We find rules of the construction of the webs. Qualitative properties of the webs can be easily understood in terms of the grid diagram capturing the most relevant informations of the complex Grassmann manifold. On the other hand, their quantitative properties are clarified by moduli parameters corresponding to web configurations. Especially, difference between the Abelian junctions and the non-Abelian junctions can be understood by an embedding relation of the complex Grassmann manifold into a complex projective space which is called Plücker embedding. We explicitly identify normalizable modes of the webs with loops, which gives a 1 + 1 dimensional N = (2, 0) SUSY sigma model as the effective theory on the web. This paper is organized by two parts. We devote the first part to clarify the qualitative properties of the webs. In the second part we concentrate on their quantitative properties.
Webs of walls in the SUSY Yang-Mills theory
Let us start with the 1+3 dimensional N = 2 SUSY U(N C ) gauge theory coupled to the N F (> N C ) hypermultiplets in the fundamental representation. The physical bosonic fields are a gauge field W µ and a complex scalar Σ = Σ 1 + iΣ 2 , in the vector multiplet and complex scalars H irA (r = 1, 2, · · · , N C , A = 1, 2, · · · , N F , i = 1, 2) in the hypermultiplets. We turn on completely non-degenerate complex masses for the hypermultiplets, which can be expressed as a diagonal mass matrix M = diag(µ 1 , · · · , µ N F ) with µ A ∈ C. In the following we will use both the complex notation µ A = m A + in A (M = M 1 + iM 2 ) and the two-vector notation µ A = (m A , n A ) for masses. We also turn on the Fayet-Iliopoulos (FI) parameter c > 0 in the third direction of SU(2) R triplet. We consider minimal kinetic terms for all the fields. The scalar potential is
with
where gauge symmetry is fully broken [8] . Each vacuum is characterized by a set of
In the rest of this article we may use a notation
In the vacuum A r , the vacuum expectation values (VEVs) of the hypermultiplets are H 1rA = √ cδ Ar A , H 2rA = 0 and the VEV of the adjoint scalar is
We express N C × N F matrix of the hypermultiplets by H i and set H 2 = 0 with H ≡ H 1 when we consider domain wall solutions in the following.
Single 1/2 BPS walls interpolate between two vacua · · · A and · · · B with only one different label. Here the underlines denote the same set of integers (ordering of integers does not affect anything). These walls are characterized by a complex central charge in the SUSY algebra
By reexpressing this charge as Z = T e iθ , we can read the tension T and the angle θ of normal vector n θ = (cos θ, sin θ) to the wall in the spatial
Domain walls in the Abelian gauge theory were known to have the following internal structures [9] . There are two cases according to the value of the dimensionless parameter g √ c/|∆m + i∆n|.
Walls have a three-layer structure shown in Fig. 1(a) , in the case of g √ c ≪ |∆m + i∆n| (at weak gauge coupling). The outer two thin layers have the same width of order L o = 1/g √ c and the internal fat layer has width of order L i = |∆m + i∆n|/g 2 c. In the Fig. 1 
In our theory elementary wall junctions are 3-pronged junctions where three constituent walls meet. In the non-Abelian gauge theory there exist two kinds of nontrivial junctions of domain walls according to sets of three vacua divided by three walls in the junctions:
• Abelian junction: Abelian junctions divide a set of three vacua · · · A , · · · B and · · · C with different labels in only one color component. This junction exists both in Abelian and non-Abelian gauge theories.
• Non-Abelian junction: Non-Abelian junctions divide a set of three vacua · · · AB , · · · AC and · · · BC with different labels in two color components. Since differences of labels be- structure (three-layer structure) as explained in Fig. 1(a) . The same U(1) subgroup is recovered in all three middle layers, as denoted by 4 . They are connected at the junction point so that the middle layer of the wall junction is also in the same phase 4 as can be seen in Fig. 2 (a).
The Abelian junction charge Y given in Eq. (4) gives always a negative contribution to the energy density [4] , which can be understood as binding energy of the walls.
On the other hand, the non-Abelian junction has a complicated internal structure as shown in Fig. 2 (b). Although it also separates three different vacua 12 , 23 and 13 , their middle layers preserve different U(1) subgroups, 1 , 2 and 3 as in Fig. 2(b) . However, all the Higgs fields (hypermultiplets) vanish when all three middle layers overlap near the junction point so that only the U(2) vector multiplet scalar Σ is nonvanishing there. The SU(2) part of this Σ is responsible for the "positive" Y -charge which might be somewhat surprising because Y -charges were negative in all the junctions that have been constructed so far [6, 4] . Since such a positive contribution cannot be interpreted as binding energy, we wish to give another understanding.
The key observation is that the 1/4 BPS equations given in Eq.(3) include the 1/2 BPS Hitchin equations
of the Hitchin system, if we take the traceless part of Eq. (3) and ignore the hypermultiplet (Higgs)
scalars. This reduction occurs at the core of the non-Abelian junction, since hypermultiplet scalars vanish and hence U(1) and SU(2) part of U (2) decouple. Therefore the system reduces to the Hitchin system of SU (2) subgroup in the middle of the non-Abelian junction. Furthermore, the Y -charge in Eq. (4) completely agrees with the charge the Hitchin system [7] . Now we can realize that the positive Y -charges of the non-Abelian junctions are the charges of the Hitchin system. One might suspect that such solution is not regular because the adjoint scalars of Eq. (5) grow exponentially and their charges diverge [10] . However, as we show below, the Y -charge for the non-Abelian junctions is finite because the adjoint scalar is out of the vacuum value only in a finite region around the junction point.
Let us next explicitly show that the Abelian junction has negative Y -charge whereas the nonAbelian junction has positive Y -charge. We found that domain walls and their junctions in the Abelian gauge theory are naturally described in the complex Σ plane [4] . In that plane the SUSY vacuum A is expressed by a point µ A and a wall interpolating between vacua A and B is by a segment between two points µ A and µ B . A diagram made of these points and segments is called the grid diagram. Furthermore, the 3-pronged junction which divides three vacua A , B and C corresponds to a triangle △ABC in that plane. In the previous paper [4] we showed that the Y -charge of the Abelian junction is negative and its magnitude is proportional to the area of the triangle. Here we again show this fact by a little bit different way. To this end, first we rewrite the Y -charge in Eq.(4) by using the Stokes theorem as
We consider the model with N F = 3 and name three vacua 1 , 2 and 3 counterclockwisely as in Fig. 3(a) . The 1/4 BPS junction consists of three 1/2 BPS domain walls, so it can be dealt with as a collection of the 1/2 BPS walls in the contour integral (6) at three spatial infinities. Therefore the contour integral becomes the sum of the three line integrals
with identifying 4 = 1 . Here the integral 
with a real function ρ(x α ) tending to ρ(x α ) = 0 as x α → A and ρ(x α ) = 1 as x α → A + 1 .
Plugging this into T A → A+1 in Eq. (7), we find T A → A+1 = 1 2 µ A × µ A+1 , which is expressed as an exterior product of 2-vectors giving a scalar. Summing T A → A+1 over index A, we can verify that the Y -charge is negative and proportional to the area of the grid diagram
Next let us focus on the non-Abelian junction. We consider U (2) 
where Σ
A → C is the solution of the single wall given in Eq. (8) . Substituting this solution into Eq.(10), we find that T A → A+1 has a sign opposite to T A → A+1 , because of the opposite orientation:
. Therefore we conclude that the Y -charge for the non-Abelian junction is positive and its magnitude agrees with the area of the grid diagram 2 We need to insert a gauge transformation to connect all three wall solutions to form the junction.
Each grid diagram determines the topology of the web configuration and represents a subspace of the moduli space. The moduli of the web configurations are finally specified by drawing dual diagrams of the grid diagram, as illustrated by an example in Fig.4(a2) where the dashed line represents a dual diagram. Configurations with different topologies can be obtained by changing structure of internal segments and/or choosing other convex polygons. Thus the total moduli space of the web is obtained by gathering all possible grid diagrams.
The U(2) gauge theory with four flavors gives the simplest example of wall webs containing both Abelian and non-Abelian junctions. According to mass arrangements for the hypermultiplets, the webs can be classified to two classes. Let us first consider a mass arrangement such as in the left figure of Fig. 4(a1) . According to the rule i), vacuum points can be plotted in the TrΣ plane as in the right figure of Fig. 4(a1) . Moreover, we connect pairs of vertices corresponding to single walls under the rule iii), then we obtain the grid diagram for the web of walls. In Fig. 4(a2) we show three examples of the grid diagrams. Here light shaded (green) triangles are Abelian junctions and dark shaded (red) triangles are non-Abelian junctions while white parallelograms are intersections of penetrable walls (rule iv)). The dual diagrams in the configuration spaces are shown as the broken lines in Fig. 4(a2) . These diagrams are transformed to each other by changing the moduli parameters of the solution as we show in the next section. The other class of the web configurations is obtained by the mass arrangement given in the left of Fig. 4 
(b1).
According to the rule i), the vacuum points are plotted in the TrΣ plane as in the right figure of Fig. 4(b1) . By connecting the line between several pairs under the rule iii) and painting triangles two colors for Abelian and non-Abelian junctions, we get the grid diagrams. We show several examples in Fig. 4(b2) . Unlike the above case, the grid diagram has 4 edges, so the web diagrams (shown by broken lines) has 4 external legs. These webs have a loop therein.
More complicated webs can easily be understood in terms of the grid diagrams in the complex TrΣ plane. A web in the model of (N F , N C ) = (6, 2) with 6 C 2 = 15 vacua is shown in Fig. 5 . The grid diagram has 6 edges, 9 Abelian triangles, 7 non-Abelian triangles and 3 parallelograms. 
Moduli and Configurations
Generic configurations of the 1/4 BPS webs are made of several Abelian and non-Abelian junctions. In order to investigate such generic webs more closely, we shall clarify the structure of the moduli parameters in generic solutions to Eq.(3). All the solutions of the 1/4 BPS equations can be expressed by matrices S(x 1 , x 2 ) and H 0 , which is called the moduli matrix. The invertible N C × N C matrix S is a function of x 1 and x 2 , and H 0 is an N C × N F complex constant matrix with rank N C . Generic solutions to the first two equations in Eq. (3) are given in [4] by
The last equation of Eq. (3) can be rewritten into a gauge invariant equation, which is called the master equation [4] and determines S for a given H 0 up to a gauge transformation. All the elements of the moduli matrix H 0 are integration constants, and can be moduli parameters in the solutions. However (H 0 , S) ∼ V (H 0 , S) with V ∈ GL(N C , C) gives the same physical fields in Eq.(13), and defines an equivalence relation which we call V -equivalence relation in what follows.
Therefore we obtain the moduli space of the 1/4 BPS equations (3) to be the complex Grassmann
We call M tot the total moduli space because it contains all possible topological sectors of 1/2 and 1/4 BPS states and vacua
(1/1 BPS) [4] .
When a point in the moduli space G N F ,N C is given, we can figure out the configuration of the corresponding 1/4 BPS web as follows. The energy density of the web is approximately given in terms of the moduli matrix H 0 as
Notice that this expression is strictly correct for the strong coupling limit where we can exactly solve the 1/4 BPS equations (3) [4] . We can rewrite this expression in a more useful form
where we define a linear function W Ar for each vacuum A r as
Here e a Ar gives the real part of the Plücker coordinates
, where
is N C × N C matrix whose elements are given by (H Ar 0
We call e W Ar in the logarithm in Eq. (15) 
The position of a 3-pronged junction can be estimated as an intersecting point of three lines Fig. 4(a) , followed by the other type in Fig. 4 
(b).
We start with the configuration given in Fig. 6(a) . For simplicity, we fix the non-Abelian junction point N 0 at the origin, namely we fix a 12 = a 23 = a 13 . By using the real part of the GL(N C , C)
transformations for the V -equivalence relation, we can set these to zero. As a result we get
, A 3 = −a 34 (0, 1) and N 0 = (0, 0). Therefore 
= 0 where the check over B k denotes removing
to satisfy the Plücker relation e a 34 +ib 34 − e a 24 +ib 24 + e a 14 +ib 14 = 0,
where we fix NG mode coming from broken U(1) A characteristic feature of these diagrams have loops unlike the hexagon-type web. Here we concentrate on variation of shape of the web like Fig. 4(b2) . The shapes of the loops are controlled by the weights e W 13 and e W 24 for the internal vacua 13 and 24 . We start with the diagram in Fig. 8(a) Notice that the value of the complex moduli parameter v does not change the boundary condition of the web. Then we can consider the effective theory on the world volume of the web by promoting v to a field v(t, x 3 ) whose real part deforms the loop and imaginary part is the NG mode for the broken U(1) F . Such effective theory is a 1+1 dimensional N = (2, 0) SUSY sigma model [4, 7] .
